
 

IJRCS 
International Journal of Robotics and Control Systems 

 
Vol. 3, No. 2, 2023, pp. 315-329 

ISSN 2775-2658 
http://pubs2.ascee.org/index.php/ijrcs 

 

 

       http://dx.doi.org/10.31763/ijrcs.v3i2.984  ijrcs@ascee.org   

  

Dynamic Model of a Robotic Manipulator with One Degree of 

Freedom with Friction Component 

Jose A. G. Luz Junior a,1, Jose M. Balthazar a,2, Mauricio A. Ribeiro b,3, Frederic C. Janzen b,4, 

Angelo M. Tusset b,5,* 

a Department of Electrical Engineering, São Paulo State University, Faculty of Mechanical Engineering of Bauru, Av. 

Eng. Luiz Edmundo C. Coube 14-01 - Vargem Limpa, Bauru 17033-360, SP, Brazil 

b Federal University of Technology – Paraná – Doutor Washington Subtil Chueire St., 330, Ponta Grossa – Paraná – 

84017-220, Brazil   
1 jose.adg@hotmail.com; 2 jmbaltha@gmail.com; 3 mau.ap.ribeiro@gmail.com; 4 fcjanzen@utfpr.edu.br; 
5 tusset@utfpr.edu.br  

* Corresponding Author 

  

1. Introduction 

Robotic manipulators have numerous applications, both in industry and in areas outside the 

industrial environment, such as in medical applications. Because they are similar to the human arm, 

they can be used to replace humans in risky activities, such as handling radioactive materials or 

handling materials with the risk of biological contamination, among many others [1]-[3]. The field 

of study of applications and improvements of robotic manipulators has shown promise in recent 

years, leading researchers from academia and industry to develop applied research on robotic 

manipulators, contributing to scientific advances and meeting industrial needs [4]-[6]. 

Among the developed research, we can mention the dynamics and control of manipulators, which 

are being developed by several researchers. In the literature, several approaches applied to the control 

of robotic systems are presented. In [7], a combination of Slider Mode Control (SMC) and PID 

control is presented. In [8], the use of optimal control is presented, while in [9], PID control is used, 

and Model Predictive Control (MPC) in [10]. With regard to non-linear controls, those reported in 
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[11]-[13] can be considered. The work [14] presents a controller based on a Fuzzy-PID control and 

self-tuning SMC, including in the investigation a Time Delay Estimation (TDE–Time Delay 

Estimation). The works of [15] and [16] consider the use of adaptive control for robotic manipulators. 

Numerical simulations presented in both works demonstrate that the controllers performed well, with 

the advantages of presenting excellent tracking with high accuracy and robustness. In work [17], a 

predictive control model (MPC–Model Predictive Control) is presented for a two-link planar robotic 

arm. In [18]-[21], the non-linear controller SDRE (State Dependent Riccati Equation) is considered 

to control a robotic manipulator with two degrees of freedom and with flexible joints. While in [22]-

[23], the SDRE control is designed for a robotic manipulator with 2 degrees of freedom and a non-

ideal excitation source. Positioning control of a robotic manipulator subjected to vibrations 

originating from a non-ideal excitation source is also presented in [24], [25] being combined PID-

LQR controls and feedforward control. In [26], a Complex Fractional Order (CFO) Linear Quadratic 

Integral Regulator (LQIR) is proposed. Experimental results demonstrated the efficiency of the 

proposed control (CFO-LQIR) in comparison with its integer and fractional order equivalents. In 

[27], an Integral Slider Mode Control (ISMC) is proposed for a robotic arm with five Degrees of 

Freedom (DOF). In the control design, the authors considered friction compensation by the LuGre 

model. Numerical simulations and experimental results are presented to demonstrate the efficiency 

of the proposed control in trajectory tracking. A control algorithm that combines Fast integral 

Sliding-mode Control (FIT-SMC) with a Robust Exact Differentiator Observer (RED) and 

Feedforward Neural Network-based Estimator (FFNN) is presented in [28]. In [29], the control 

techniques of the Linear Quadratic Regulator (LQR) and Integral Proportional (PI) and Integral (I) 

are applied and compared for the position control of a serial robotic manipulator with 4 Degrees of 

Freedom (DOF). In [30] considers a non-singular terminal slip-mode controller using an optimization 

technique using a hybrid metaheuristic method for a robotic manipulator with three degrees of 

freedom. 

Considering the control problem for tracking movements, one of the main problems that impede 

fast tracking behavior of robotic manipulators is friction [31]-[33]. Non-linear friction often disturbs 

a control system and can even make it unstable [34], [35]. Consequently, friction is an intrinsically 

non-linear occurrence that is difficult to predict [36]. Estimation of joint friction by the de LuGre 

model has proven to be an efficient way to include the influence of friction in the dynamics and 

position control of the links in robotic manipulators [37], [38]. In [37], an integral sliding mode 

control (ISMC) is proposed for a robotic arm with five degrees of freedom (DOF). The proposed 

control considered friction compensation by the LuGre model. The friction compensation of the 

manipulator's joints by the LuGre model is also considered in [38]. Being considered a robotic arm 

with five degrees of freedom (DOF), controlled by fast integral sliding mode (FIT-SMC), with a 

robust exact differentiator (RED) observer and an estimator based on a feedforward neural network 

(FFNN). 

In this scenario, the modern control of robotic systems has advanced more and more into the 

direction of undemanding how the various physical phenomena like friction, clearance and wear 

involved in the movement of the links influence the efficiency of the control. That is, in addition to 

an effective control system that seeks to guide the robot’s links, the modern approach seeks to 

understand how they influence the feedback and how introducing them into the robot model makes 

the control more effective. Although it is possible to design a control system that ignores or indirectly 

includes these phenomena, the effectiveness is always committed to a restricted application window 

since disturbance can arise from them and the control system is not designed to deal with them.   

Friction, Dead Zone and Clearance are examples of that phenomenon that directly influence the 

control system e has been more and more subject of studies [39]. Keeping in mind that it is 

impracticable to use a mathematical model that covers all the possible disturbances, it is in the 

engineer's hands the judgment each one is more relevant and what is the best way to include them in 

the final model.  
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In robotics, friction is a dissipative force that acts against movement imposed by the actuators 

when two surfaces are in contact and when one of them is moving. Due to that is a force dependent 

on components like the geometry of the surfaces, type and temperature of the materials, velocity 

between them and a number of other factors a purely mathematical model very hard to find in [40] 

points out as the best alternative to a good friction model is the combination of experiment and 

mathematical model. The mathematical model is responsible for representing the physical 

phenomena and the experiment in formatting so that it represents the studied system well.  

Considering the problem presented, this work proposes a friction component for the first link of 

the robotic manipulator with three degrees of freedom with DC motor as actuators, as shown in the 

3D Project in Fig. 1(a) and the prototype in Fig. 1(b). 

 
             (a)                                                             (b) 

Fig. 1. (a) Robotic Manipulator Project in Fusion 360 Software (b) Robotic Manipulator Prototype with 3 

Degrees of Freedom 

This research seeks to contribute to the advancement of the representation of mathematical 

models applied in robotic systems through the presentation and proposition of a method for defining 

the friction parameters of the LuGre model. By obtaining experimental data from a manipulator 

prototype, the results obtained make it possible to determine a mathematical model of the friction of 

the LuGre model, thus making it possible to analyze its internal phenomena, such as the stick and 

slip motion and the pre-sliding displacement, behavior arising from friction. 

The paper is organized as follows: The introduction presents some of the most recent 

contributions to the research topic and the contribution of the present work to the body of knowledge. 

In the Method section, we present the mathematical model of the robot dynamics and LuGre friction, 

the form of parameter acquisition and experimental configuration. The Results and Discussions 

section presents the experimental results. Finally, in the Conclusion, we present the conclusions of 

the results presented in the paper body. 

2. Method 

2.1. Robot Dynamics and LuGre Friction Model 

The robotic system description can be done using several methods, from analytical to specific 

methods, such as Denavit-Hartenberg and Kane’s Formulations. Regardless of the method, 

describing the dynamics in a matrix form is fundamental in models involving friction since they 

relate the forces with positions and velocities, allowing us to isolate the terms according to their 
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influence and physical meaning. Equation (1) shows the most common dynamic model for a robotic 

system: 

𝑀(𝜃)𝜃̈ + 𝐶(𝜃, 𝜃̇)𝜃̇ + 𝐺(𝜃) + 𝜏𝑓 = 𝜏 (1) 

Where 𝜏𝑓 is the robot joint friction torque, 𝑀(𝜃) is the inertia matrix, 𝐶(𝜃, 𝜃̇) is the coupling and 

centrifugal matrix, 𝐺(𝜃) is the gravitational matrix, and 𝜏 is the control input torque. 

The system used in this work was part of the prototype presented in Fig. 1, as only the first link 

of the system was used, turning the robot into a manipulator with one degree of freedom. The 

manipulator dynamics can be obtained using the Denavit-Hartenberg kinematics method, where the 

derivative of the position matrix 𝐴𝑖 shown in (6) compose calculation of the Euler-Lagrange 

dynamics [39], [40]. For a robot with 𝑖 = 1 degrees of freedom, the dynamics is given by: 

𝜏1 = 𝐷11𝜃̈1 + 𝐷111𝜃̇1
2 + 𝐷1 (2) 

where 𝐷11, 𝐷111 and 𝐷1 are components given by: 

𝐷11 = 𝑇𝑟𝑎𝑐𝑒(𝑈11𝐽1𝑈11
𝑇 ) (3) 

𝐷111 = 𝑇𝑟𝑎𝑐𝑒(𝑈111𝐽1𝑈11
𝑇 ) (4) 

𝐷1 = −𝑚1𝑔𝑇𝑈11𝑟̄1 (5) 

𝐴1 = [

𝐶𝜃1 −𝑆𝜃1 0 𝑎1𝐶𝜃1

𝑆𝜃1 𝐶𝜃1 0 𝑎1𝑆𝜃1

0 0 1 0
0 0 0 1

] 

 

(6) 

The components 𝑈11 and 𝑈111 are the derivatives of the matrices 𝐴𝑖 in terms of 𝜃1 such as  𝑈11 =
𝜕𝐴1

𝜕𝜃1
 and 𝑈111 =

𝜕(𝜕𝐴1

𝜕𝜃1)
/𝜕𝜃1, 𝐽1 is the link 𝑖 = 1 inertia matrix, 𝑔 is the gravitational matrix and 𝑟̄1  is 

a vector representing a point in the link 𝑖 = 1 using the coordinate system used to represent the robot. 

Written the dynamic equation in matrix form as shown in (1), the model with friction component is 

given by: 

[0.3𝑙1
2𝑚1 − 𝑎1𝑙1𝑚1 + 𝑎1

2𝑚1][𝜃̈1] + [9.8𝑚1𝑙1𝑎1 𝑐𝑜𝑠(𝜃1) − 4.9𝑚1𝑙1 𝑐𝑜𝑠(𝜃1)] + 𝜏𝑓 = 𝜏1 (7) 

The definition of the friction component 𝜏𝑓  involves the theoretical comprehension of the 

numerous friction models and how each one has a better fit with the system in such a way that the 

model is capable of describing the most important phenomenal present on the robot.  

The LuGre friction model is one of the most well-established models in robotics due to the fact 

that it is capable of representing the most important components and has a viable experimental 

approach [43]-[48]. LuGre is a dynamic friction model presented by [43] as a derivation from the 

Dahl Model [49] and the Bristle Model from Haessig and Friedland [47]. From the Bristle Model 

from Haessig and Friedland [50], the LuGre model describes the relationship between two surfaces 

in contact as one composed of rigid bristles and the other one with massless bristles. The contact and 

the input force on the surfaces deform the bristles in a spring-analogous way, and the friction force 

is given by the sum of all spring forces, as shown in Fig. 2.     

The LuGre Model by [43] describes the average bristles deformation by the variable 𝑧, as shown 

in Fig. 2, and the friction force is given by three equations as 

𝐹 = 𝜎0𝑧 + 𝜎1(
𝑑𝑧

𝑑𝑡
) + 𝜎2𝜃̇ (8) 

𝑑𝑧

𝑑𝑡
= 𝜃̇ −

|𝜃̇|

𝑔(𝜃̇)
𝑧 (9) 
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𝜎0𝑔(𝜃̇) = 𝐹𝐶 + (𝐹𝑆 − 𝐹𝐶)𝑒
−|

𝜃̇

𝜃̇𝑆
|
2

     
(10) 

where 𝑧 is the average amount of deformation of the bristles, 𝑔(𝜃̇) the Stribeck Effect, 𝐹𝐶 the 

coulomb friction, 𝐹𝑆 the maximum static friction force, 𝜃̇𝑆 the Stribeck velocity, 𝜎0 the stiffness 

coefficient, 𝜎1 the setae damping coefficient and 𝜎2 the coefficient of viscous friction. 

 

Fig. 2.  Bristles Deformation in the LuGre Model 

From the system shown in (8) to (10) is possible to see that besides the components of friction 

torque and velocity, 𝐹(𝜃̇) and 𝜃̇, there are six parameters, Fc, Fs, 𝜃̇𝑆, 𝜎2, 𝜎0  and 𝜎1, that describes 

the friction model. These six parameters can be obtained through a comparative analysis between the 

mathematical model and experimental data. 

2.2. Parameters Acquisition and Experimental Setup 

As pointed out by [43] and [45], the component in 𝑧 (8) to (10) is not measurable experimentally, 

so the friction model and parameter acquisition must be made indirectly. The six parameters that 

need to be found presented in those equations can be divided into two groups, those called Static 

Parameter, Fc, Fs, 𝜃̇𝑆 and 𝜎2, and the Dynamic Parameters, 𝜎0 and 𝜎1.   

The division into two groups comes from the theoretical interpretation of what is described by 

them, and, in a general sense, the dynamic parameters are linked to the moment immediately before 

the movement to a defined point of low velocity and the static parameters beyond that defined point 

and the steady-state [51]. In addition to the theoretical origin, this division aims to guide the 

experimental procedure since there is a big difference in how the experimental data needs to be 

obtained for each one of them.  

This distinction will be discussed in its own section, but there is common ground from both, find 

the relationship between the links friction force and velocity. The velocity data is measured by 

position differentiation, but the friction data requires some additional explanations. As shown by the 

(7) to (10), the friction force is dependent on movement. Therefore, there are two forces that can 

cause motion in the robotic manipulators, the actuators and gravity. 

Based on the system described in (1), beyond the friction and gravity terms, the robotic 

manipulators have three more components, the inertia matrix 𝑀(𝜃), the Coriolis and centrifugal 

matrix 𝐶(𝜃, 𝜃̇) and the input torque 𝜏. As shown by [44], the Coriolis and centrifugal component  

𝐶(𝜃, 𝜃̇) can be eliminated by analyzing one isolated joint as shown by [52], or by keeping the joint 

locked and moving only the studies joint, as discussed by [53]. The inertia matrix 𝑀(𝜃) is null when 

the link velocity is constant, 𝜃̇ = constant and 𝜃̈ = 0, leading to a simplification in (1) as: 

𝜏𝑓 + 𝐺(𝜃) = 𝜏 (11) 
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This leads to two approaches to finding the friction torque 𝜏𝑓, isolating the link making 𝐺(𝜃) 

null or using numerical simulation to find the values for 𝐺(𝜃). It leads to the input torque 𝜏 being 

equal to the friction torque 𝜏𝑓 when one of the presented procedures is followed.   

Since most manipulators do not have force sensors in each link, the friction forces can be 

measured in an indirect form through the actuator current. In [53] shows the process known as Virtual 

Torque Sensor and how it can be used for this acquisition process. 

𝜏𝑗 = 𝐾𝑡,𝑗𝑖𝑗 (12) 

where 𝑖𝑗 is the current for the j DC motor and 𝐾𝑡,𝑗 is the torque constant for the j DC motor. 

With the friction torque and velocity data, it is possible to build the Stribeck Curve when a 

number of link’s velocities is related to a specific friction torque, as shown in the example in Fig. 3 

with the main friction components. This curve summarizes all the friction data and is used as the 

primary means of completing the friction mathematical model. After defining how to monitor friction 

torque, links velocity and velocity profiles, the next step is the friction parameters acquisition.  

 

Fig. 3.  Stribeck Curve and its friction component 

2.3. Static Parameters 

The identification of the four static parameters is a very established procedure due to two main 

factors, their linear behavior and the possibility of calculating them directly from the experimental 

data. The parameters 𝐹𝐶, 𝐹𝑆, 𝜃̇𝑆 and 𝜎2 are found through the comparison between two Stribeck 

Curves, one created by the experimental data and the other by the numerical simulation using (8) to 

(10). The four values are found using the vector 𝑋𝑠 in (13), the error 𝑒𝑠(𝑋𝑆 , 𝜃̇𝑚) in (14) and the cost 

function 𝐽𝑠 to be minimized in (15).   

𝑋𝑠 = [𝐹𝐶 , 𝐹𝑆, 𝜃̇𝑆, 𝜎2] (13) 

𝑒𝑠(𝑋𝑆 , 𝜃̇𝑚) = 𝜏𝑓 − 𝜏𝑓(𝑋𝑆 , 𝜃̇𝑚) (14) 

𝐽𝑆 =
1

2
∑ 𝑒𝑠(𝑋𝑆 , 𝜃̇𝑚)

𝑖

2
𝑛

𝑖=1

 (15) 



 

ISSN 2775-2658 
International Journal of Robotics and Control Systems 

321 
Vol. 3, No. 2, 2023, pp. 315-329 

  

 

Jose A. G. Luz Junior (Dynamic Model of a Robotic Manipulator with One Degree of Freedom with Friction 

Component) 

 

2.4. Dynamic Parameters 

As previously mentioned, the experimental data acquisition to define the parameters 𝜎0 and 𝜎1 

is done by adjusting the experimental setup so that it is possible to capture and highlight the data that 

are most influenced by these two parameters. In [43] and [54] describe 𝜎0 as the stiffness coefficient 

of the microscopic deformation of 𝑧 during the Presliding displacement and 𝜎1 as the damping 

coefficient associated with the variation of the 𝑧 deformation, 𝑑𝑧/𝑑𝑡. Thus, the particularity in 

obtaining the dynamic parameters lies mainly in the fact that 𝑧 is not a directly measurable parameter. 

A second complicating factor is commented on by [54], where it is not possible to use linear 

estimation methods directly in the experimental data as done for the static parameters due to the fact 

that there is a nonlinear relation between friction and the dynamic parameters. The stage called by 

[43] and [54] presiding displacement where 𝜎0 and 𝜎1  are evidenced it is described by [55] as the 

stage prior to movement where there is no visible joint displacement, but this visual absence does 

not indicate that the deformation has already started or that there are invisible deformations. 

In [43], [55] point out that in the pre-sliding displacement, the bristles deformation can be 

considered z   during a certain period. The experimental setup is implemented to enhance the pre-

sliding displacement by applying a ramp input on the actuator with a very slow increasing step so it 

is possible to acquire the position and torque data from the static state, the pre-sliding displacement 

and the break-away moment [55], [56].  

The bristles deformation 𝑧 can be estimated using (9) and ensuring that the system begins moving 

from absolute rest. The bristles deformation variation can be written as 

𝑧̇ = 𝜔 −
𝜏𝑓

𝐹𝑆

|𝜔| (16) 

The solution for the variable 𝑧 can be done by integrating with (12) obtaining 

𝑧(𝑡) = 𝜃(𝑡) − 𝜃(0) +
𝑘𝑚𝑘𝑐

2𝐹𝑆
(𝜃(𝑡)𝑡 + ∫ 𝜃(𝜏)𝑑𝜏

𝑡

0

) (17) 

For an interval (0, 𝑇) a set of 𝑛 data of 𝑧(𝑡) and 𝜏𝑓(𝑡) are captured composing the vectors 𝑧 and 

𝜏𝑓, respectively. In [55] and [57] shows that the initial value for 𝜎0 can be found by 

𝜎0 =
𝑍𝑇𝜏𝑓

𝑍𝑇𝑍
 (18) 

The value for 𝜎1 can be found by using the equation that describes the dynamic model for the 

actuator, in the case of this work, a DC motor as 

𝐽𝜃̈ = 𝜏 − 𝜏𝑓 (19) 

where 𝐽 is the system inertia, 𝜏 is the input torque and 𝜏𝑓 is the friction torque and (8) of the friction 

model leading to 

𝜏 = 𝐽𝜃̈ + 𝜎0𝜃 + (𝜎1 + 𝜎2)𝜃̇ (20) 

The solution of (20) can be made from the Laplace transform shown in (21), and the estimation 

is based on a second-order system obtained, as pointed out in (22). 

𝜃(𝑆)

𝜏𝑓(𝑆)
=

1

𝑚𝑆2 + (𝜎2 + 𝜎1)𝑆 + 𝜎0
 (21) 

𝜎1 = 2𝜉𝑚√
𝜎0

𝑚
− 𝜎2 (22) 
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Although it is possible to find 𝜎0 and 𝜎1 using (18) and (22), there are situations where it is 

necessary to use the torque equation shown in (20) to estimate 𝜎0 and 𝜎1 together because the data 

obtained by the position sensors are not accurate enough to identify the Pre Sliding displacement. In 

such applications, the experimental torque data during the start of motion is used in a parameter 

identification method along with the torque in (16) to find 𝜎0 and 𝜎1. The results presented by [35] 

is an example of using the torque equation to calculate 𝜎0 and 𝜎1 directly and the results are proven 

effective by a Friction Compensation Control application.  

In applications where position sensors allow sufficient accuracy [23] shows how to use the values 

for 𝜎0 and 𝜎1 from (18) and (22) as initial conditions can be done to find more accurate values for 

the dynamic parameters. In such cases, 𝜎0 and 𝜎1 from (18) and (22) are considered as initial 

conditions 𝜎0
0 and 𝜎1

0 for a parameter identification method using the torque (20) to minimize 𝐽𝑖 

shown in (23) using the Pre Sliding Displacement experimental data, a step very close to the method 

commenting on the approach with sensors without high precision commented above. 

𝐽𝑖 = 𝑞1 ∑(𝑒𝑑(𝑡))2

𝑛

𝑖=1

+ 𝑞2 𝑚𝑎𝑥{|𝑒𝑑(𝑡)|} (23) 

where the error 𝑒𝑑(𝑡) is given by the difference between the experimental data 𝜃𝑒𝑑 and the model 

simulation data 𝜃𝑚𝑑, 𝑒𝑑(𝑡) = 𝜃𝑒𝑑(𝑡) − 𝜃𝑚𝑑(𝑡), 𝑞1 and 𝑞2 are weight coefficients.  

2.5. Experimental Setup 

Fig. 4 shows the prototype of the robotic manipulator with the adaptation used to use only one 

of the links. Due to the structural characteristics of the motor used, the prototype structure is built in 

such a way that the sensor is positioned on the front of the actuator, where it is coupled to the link. 

In ideal situations, the sensing is done at the back of the actuator, leaving the frontal part without any 

restriction on the work volume allowing continuous rotation through 360°. 

 

Fig. 4.  Experimental setup for the first link of the robotic manipulator: Limitation imposed by the sensor 

support that prevents full rotation of the link: 1. Sensor Support, 2. Robot Link 

The position data was taken using the AS5145H magnetic encoder from AMS. It is a 12 bits 

encoder with SSI communication with precision up to 0.008° composed of two parts, a magnet and 

an IC. A magnet is placed at the link, and the sensor IC measures the magnet's angular displacement 

through the Hall Effect, defining the link displacement.  

The current 𝑖𝑗 was taken using the LEM LA-25 NP current transducer and the ADC ADS1256, 

both linked with an Arduino Mega board. Fig. 4 shows the experimental setup using parts of the 

complete manipulator system shown in Fig. 1. The current transducer LEM 25-NP was used in the 
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5/1000 configuration, and a maximum of 800 mA current output resulting in a 670   resistor at the 

output pin.  

Fig. 5 shows the circuit used for current sensing. The actuator used was the 

AK555/11.1PF12R83CE-V2 from AKIMA. The DC motor works at a nominal voltage of 12 V, with 

a maximum velocity of 83 RPM and maximum torque of 11.1 kgf.cm. The link was designed 

specifically for this work using a 3D printer with PLA plastic polymer material with 21 cm of length, 

5 cm of thickness, 4.5 cm of height and a total of 45 grams of weight. 

 

(a)                  (b)  

Fig. 5.  (a) Circuit for current measurement (b) 1. LEM LA-25 NP. 2. BTS 7680 H Bridge Driver, (3) ADC 

ADS1256, (4) Arduino Mega 

All the sensors were read at 10 kHz from the controller, and the speed data were found with a 1 

ms interruption from two consecutive position data. The PID controller used to find the Stribeck 

Velocity was used with the constants 𝐾𝑝 = 1.25, 𝐾𝑖 = 3.15, 𝐾𝑑 = 0.55, and a sampling frequency 

of 1 kHz. 

3. Results and Discussion 

To obtain the six friction parameters, two experimental sessions were carried out, one for the 

four static parameters and another for the two dynamic ones. Considering the starting of the motor 

by PWM modulation via Arduino Mega, where a voltage ramp with a very slow increase gradually 

increases the voltage applied to the motor, allowing a soft start differentiating rest and axis 

movement. An AS5145H encoder is used to read the position of the motor shaft, and a moving 

average of 10 successive measurements is considered. For obtaining the static parameters is 

considered, the Stribeck Curve using experimental data of speed and torque collected in the robot 

link. Consider procedures similar to those proposed in [59], [60] and [61]. 

Due to the physical characteristics of the prototype used, the manipulator link does not allow free 

rotation, being possible to operate it only in a range of 30° to 310°. In this way, a PID control was 

used to control the speed in this range and close to the limits of 30° and 310° two deceleration 

stretches for a smooth reversal of rotational direction. The curve was constructed using twenty 

measurements of speed and torque with link operation counterclockwise, the direction adopted as 

positive velocity. 

Fig. 6 shows the result of obtaining the static parameters through the App Curve Fitting of the 

MATLAB software using NonlinearLeastSquare as a method, True-Region algorithm and maximum 

error for 10−6. The result of the estimated static parameters is 𝐹𝑐 = 2.002, 𝐹𝑐 = 0.5843, 𝜎2 =
0.1328  and 𝜃̇ = 0.8379. 

Equations (14) and (18) directly to find 𝜎0 and 𝜎1 the values were found as 𝜎0 = 1.937 and 𝜎1 =
1.401. Using these values as the initial values for the dynamic parameter and the Non-linear Least 

Square curve fitting method with the pre-sliding data are obtained 𝜎0 = 2.15 and 𝜎1 = 1.34. 
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Comparison of experimental data with numerical data for the angular movement of the motor shaft 

can be seen in Fig. 7. Comparison of experimental data with numerical data for the Stribeck Curve 

can be seen in Fig. 8.  

 

Fig. 6.  Stribeck Curve: Curve Fitting using Experimental Data and the MATLAB App Curve Fitting 

 

Fig. 7.  Pre-Sliding displacement: Curve fitting using Experimental Data 

 

Fig. 8.  Stribeck Curve: Comparison between experimental data and numerical simulation 

Fig. 8 shows the friction torque variation for motor shaft speed variations, considering the 

experimental data and the numerical data obtained from the Lugre model. From the definition of the 

parameters, it is possible to complete the friction model shown in (8) to (10), obtain the simulation 
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of the behavior of the friction of the robot's first link, and thus compare the numerical results with 

the experimental data, as shown in Fig. 7 and Fig. 8.  

Another important point is the ability of the proposed mathematical model to represent the other 

phenomena observed in friction, such as Pre-Sliding displacement and Stick-Slip motion, shown in 

Fig. 9. As can be seen in the results presented, one of the most important contributions of the LuGre 

model is the capability to reproduce the robotic links to real physical phenomena during motion. To 

verify the model's effectiveness, a series of numerical simulations were made to reproduce the most 

important phenomena, the correct Stribeck Curve, as shown in Fig. 8.  

 

(a)                                                                               (b) 

Fig. 9.  (a) Relation between friction force and position during the pre-sliding motion simulation (b) Stick-

Slip motion for simulated data 

4. Conclusion 

This paper presents a friction model for a robotic manipulator with one degree of freedom using 

the LuGre model. The method to find the static and dynamic parameters was presented to complete 

the dynamic mathematical model for the robotic manipulator. The Virtual Torque Sensor presented 

by [58] used to estimate the link's torque was successful and used in conjunction with the matrix 

model to allow the friction torque data sensing without a specific force sensor. The MATLAB App 

Curve Fitting used to find the LuGre parameters presents an effective approximation and eliminates 

the need for a specific numerical algorithm design specifically for this purpose. The method shown 

by [43] and [55] was capable of finding the dynamic parameters 𝜎0(𝑁𝑚𝑠/𝑟𝑎𝑑) and 𝜎1(𝑁𝑚𝑠/𝑟𝑎𝑑), 

using the pre-sliding displacement data and the parameter identification process. As shown in Fig. 6 

to Fig. 8, the friction model presented in this work is capable of representing the friction force for 

the robotic manipulator reproducing the main physical phenomena and can be used in future works 

involving the complete manipulator system shown in Fig. 1.  

The data shown in Fig. 7 show that the maximum accuracy acquired in reading the position data 

during the Pre-sliding displacement was 0.002 rad, approximately 0.1145°, results similar to the 

results presented in [54] and [55], where a similar method was applied. The accuracy of the results 

obtained in this paper can be improved by combining data acquisition hardware with a high sampling 

rate and position sensors with greater precision than 14 bits.  
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