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This paper presents a comparative performance examination between
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' rate. The nonlinear dynamics of the twin-tanks system is established first.

Then, based on the nonlinear dynamics of the system, the control law of
the BSC and the SC are developed. The two controllers cooperate with
the grasshopper optimization algorithm (GOA) for further improvement
of the control design performance by tuning the design parameters of
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controlled system for two case studies (normal operation and under
external disturbance) are examined based on MATLAB software. The
simulation data shows that the BSC gives better performance than the SC.
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1. Introduction

Level control processes play a vital role in many industrial sectors, including pharmaceuticals,
nuclear power plants, chemical processing, water treatment, and spray painting [1], [2]. In a twin-
tank system, fluid is first pumped into the primary tank, where it is stored, and then transferred to
the second tank. By manipulating the input flow rate, the controller regulates the liquid level to
maintain it at a desired value.

Several researchers have investigated liquid level control in twin-tank systems. A PID
(proportional_integral_derivative) controller was implemented in [3], with traditional methods used
for tuning its parameters. To enhance this tuning, [4] applied a modified Ant Colony Optimization
(ACO), while [5] combined PID with fuzzy logic, yielding improved performance and quality.
Studies in [6] and [7] compared Sliding Mode Control (SMC) with PID, demonstrating that SMC
outperforms PID in step input tracking. Similarly, [8] reported that Model Reference Adaptive
Control (MRAC) achieves better transient performance than PID. To address chattering in SMC,
Delavari and Noiey [9] integrated fuzzy logic and further refined the design using Genetic
Algorithms (GAs), demonstrating robust disturbance rejection. Khalid and Kadri [10] explored
Model Predictive Control (MPC) for stabilizing twin-tank systems under parameter variations,
while [11] introduced an adaptive MRAPIDC controller to handle large disturbances. The key
limitations of previous studies are:
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e  Most control laws rely on linearized system models, limiting accuracy.
e Physical limitations of actuators are often neglected.
o  External disturbances are not adequately addressed.

To address these limitations, this paper proposes two advanced control frameworks—
Backstepping Control (BSC) and Synergetic Control (SC)—for regulating the liquid level in a
twin-tank system. Unlike previous studies, this work incorporates system nonlinearity, actuator
saturation, and external disturbances to better reflect real-world conditions. The Grasshopper
Optimization Algorithm (GOA) is employed to fine-tune the design parameters of both controllers,
improving control performance.

The rest of the paper is structured as follows: Section 2 presents the mathematical modeling of
the twin-tank system. Section 3 describes the development of the proposed controllers. Section 4
introduces the Grasshopper Optimization Algorithm (GOA). Section 5 reports the simulation
results. Finally, Section 6 concludes the paper.

2. Mathematical Model

In the process industries, one of the fundamental issues is controlling the liquid levels between
tanks. Certain industrial procedures necessitate pumping liquid, storing it in tanks, and then
pumping it to another tank. Take into consideration the Fig. 1 system, which consists of twin tanks
that are connected [12].
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Fig. 1. Interconnected twin-tanks system

cm3 cm3

Tank 1's flow rate is q;, (T) tank 1 to tank 2's flow rate is q;, (T) and tank 2's flow

cm?3

rate is q, (T) The liquid level heights in tanks 1 and 2 are, respectively, h; (cm) and h, (cm).

The cross-sectional area of both tanks is A (cm?). The area of the coupling orifice and the area of
the outlet orifice are a;, and a, respectively. The accumulation of water in Tank 1 depends on the
difference between the input flow rate to tank1 and the output flow rate from Tank 1 and the cross-
sectional area of tank1 as given [4]:

din — J12
A
The flow rate from tank1 to tank2 has a nonlinear dynamical equation as follows [5]:

d12 = a12v/2g(hy —hy) )
where g is the gravitational constant. The same as tankl, the accumulation water in tank 1 is given
by [9]:

h; = 1)
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}-12 _ Q12A_ do 3)

The flow rate from tank2 has the following equation [5]:

Jo = a2+/ 2gh, (4)

Substituting Eq. (2) into Eqg. (1) and Eq. (4) into Eq. (3) results:

h = din — a12+/28(hy — hy) (5)
1=

A

B = 312\/2g(h1 —hy) — a2\/2ghz (6)
z- A

Let assume:x; = h,, ¢; = az;{ﬁ,cz = alz/;/ﬁ, X, = h; —h, andu = q;y,, Eq. (5) and Eq. (6)
can be rewritten:

X1 = —C1yfx1 + /%2 (7
u
Xy = A 2¢54[Xz + C1/%q 8

In order to develop a controller, the system's mathematical model must be converted into a
comparable canonical form, such the nonlinearity found in a single equation. As a result, the
following new coordinates of the system are defined as follows: z;, = x;and z, = %;.

Thus, the differential equations of the equivalent model in new coordinates can be expressed as:
Zy =17 )

7z, =fx)+gx)u (10)
where:

f(x) = (C12 _22C22> 24 <‘/Z - ‘/X_3> (11)

2 \Jx5; V&
C
809 = > ij’;., (12)

3. Controller Design

The feedback controller has an important role in the automation system [13], [14]. There are
numerous control algorithms have been designed for wide range of control systems [15]-[20].
However, backstepping control (BSC) and synergetic control (SC) techniques have gained a lot
of attention due to their ability to handle different control engineering problems such as
nonlinearity and ensure system stability [21], [22]. However, in the BSC approach, a virtual
variable control from the first subsystem is used to stabilize the next subsystem and the same
design is implemented in the next subsystem to design another virtual variable control until the
dynamics of the subsystem contain the control input variable [21]. On other hand, in the SC
approach, a manifold is defined as a function of the tracking error of the system. Then, the SC
directs the system to move into that manifold from any initial motion point [22]. To design the
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control law of both controllers, let's define the tracking error e, as the difference between the
desired level position z4 and the actual level position z, as follows:
e =2q — 2 (13)

In the following two subsections, the procedure to develop the control law of the BSC and SC
for the twin-tanks system is presented.

3.1. Backstepping Control

Based on the Lyapunov theorem, to ensure the stability of the closed-loop system, a recursive
development of the backstepping control (BSC) control law is made [23]. The procedure to design
the control law of the BSC is described as follows:

In the first step, let select the state z, as the virtual control v.
For this step, let select the L.F (Lyapunov Function) as given in Eq. (14) and taking its first

time derivative as given in Eq. (15).

1
v =g (14)

V1 =ece = e1(2q — Z) (15)

By replacing z, by the virtual control v, Eq. (15) becomes:

Vl =e1(zq — V) (16)
Choose v as:

VvV = kbscet + Zd (17)
where a tuning parameter is the coefficient Ksme(Ksme > 0).

when Eq. (17) is substituted into (16), V; becomes:

vl = _kbscet2 (18)

Eq. (18) guarantees the exponential decrease of e, to zero.
The error between the state z, and the virtual control v is defined in the second step as:

ey =Zy —V (19)
Applying Eq. (17) of v into Eq. (19) gives:

ey = Zy — Kpscr — Zg (20)
Reorganize Eq. (20) to find z,:

Z; = ey + Kpgcer + 74 (21)
Take the derivative of e:

ey = 2y — Kpsc€y — Zg (22)
Choose the total L.F as:

1 1
V= Eetz + Eevz (23)

Take the derivative of V:
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V=ee&, +e,é, (24)
é. from Eq. (13) and &, from Eq. (22) can be substituted into Eq. (24) to obtain:
V = ey(zq — 22) + ey (22 — Kpscér — Zq) (25)
Rearrange Eq. (25) gives:
V = —Kkpsce + ey ((kbscz — 1)e; + kpscey + 22 — id) (26)
Putting the value of z, from Eq. (10) into Eq. (26) yields:
V= —kpsce® + ey ((kbsc2 - 1)et + kpgseey + f(X) + g(x)u — id) (27)

In Eq. (27) the equations —ky,¢.e, 2ensure that e, declines exponentially to zero. However, the term
((kbscz — 1)e; + kpscey + F(x) + g(x)u — iid) in Eq. (27) needs to be —apgcey?, apse (@sme >
0) is a tuning parameter in order to ensure that e, declines exponentially to zero.

On the basis of that, the BSC's control law can be found as follows:

1 2 "
Upsec = @ (—f(x) - (absc + kbsc)ev - (kbsc - 1)et + Zd) (28)
Applying the result of Eq. (28) into Eq. (27) yields:

V = —Kpsc® — apscey? (29)
The system's stability was ensured by Equation (29) and e, and e, will converge to zero as t — co.
3.2. Synergetic Control
The steps to design the control law of the SC are explained as follows:

Let's define the macro-variable ¢ follows:

¢ = Kgcep + & (30)
Taking the first-time derivative of ¢ obtains:

¢ = Kl + & (31)
where k. is a tunable parameter.

To guarantee the state trajectories move towards the pre-defined manifolds and remain on it
for future time, the following conditions should be met:

¢tascp=0 (32)
where ag. > 0 is a tunable parameter determine the speed of convergence.
Substitute Eq. (31) in EQ. (32) gives:

kSCét + ét + dgc@ = 0 (33)

Taking the 1% and the 2" derivative of the e, gives:
ét:Zd_Z:L:Zd_ZZ (34)
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Substitute Eq. (10) in Eq. (35) gives:

Kgclr +Zgq — f(x) — g(X)u +a,.p=0 (36)
Solving for u
Uge = @ (—f(x) +Zg + kscét + asc(p) (37)
Choose L.F as:
1
V= E(pz (38)

Taking the first-time derivate of V obtains

V=do (39)
Substitutes ¢ as given in Eq. (25) into Eq. (30) obtains:

V= _ksc(P2 (40)
Eq. (40), derivative of L.F, is negative; therefore, the stability of the SC is guaranteed.

4. Grasshopper Optimization Algorithm

Swarm optimization algorithm uses an iterative and random process for solving various
problems [24]-[28]. Numerous swarm optimization algorithms are available in the literature to
optimize the design parameters of different controllers [29]-[36]. This paper represents grasshopper
optimization algorithm (GOA) which is one of the recent swarm optimizations that used to tune the
design variable of the controllers applied on the twin-tanks system. Saremi et al. [37] has
introduced GOA, which has descripted the nature behavior of grasshoppers. Grasshoppers have
been known for their harmful impact on crop production and agriculture. The grasshoppers are
insects that travel in groups and eat the vegetation in their way. The group of grasshoppers is
extremely big, which makes the framer afraid of their attack. When the grasshoppers are nymphs,
they are wingless move slowly in the direction of wind like rolling cylinders. When they are adults,
they gather in swarms to fly in the air and cover a long distance [38]. The nature of grasshoppers
inspired the researchers to divide the process into exploration and exploitation along with target
seeking. There is a difference in movement between these two functions. The agents move
unexpectedly in exploration, while they move locally in exploitation. The travel nature of the
grasshoppers can be mathematically modeled as follow [37]:

Xi = Si + Gi + Ai (41)

where X; define the position of i-th grasshopper, S; is the social interaction, G; is the gravity force,
and A; is the wind advection. This equation can provide a random behavior of grasshoppers by
multiplying the equation with the random number r in the range of [0,1] as follow:

Xi = I'Si + I'Gi + I'Ai (42)

Social interaction S; can be affected by other parameters, as it is shown in the equations [36]:

N
Si = Z s(di)d, (43)
=1
j#i
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s(r) =fe /1 —eT (44)
di]' = |X] - Xi| (45)
a\ _ X]' — Xj
y dij (46)

It can be seen that the social interaction equation consists of s which is the strength of social
forces and is defined in Eq. (44). In Eq. (44), f is the intensity of attraction, and 1 is the attractive
length scale and d;; represents the distance between two grasshoppers' i-th and j-th as shown in Eq.

(45). Eq. (46) defines the unit vector &; from i-th to j-th grasshoppers.

It has been shown that s function affects the social interaction where any change in f and I
leads to impacts on the strength of social force and then the social interaction, attraction, repulsion,
and comfort zone of the grasshoppers. The social interaction was the reason for modeling the
grasshopper’s group through the impact of its function on comfort zone and grasshoppers’
positions. The space between any two grasshoppers divided into repulsion, attraction, and comfort
zones. The distance mapped into small intervals in case that the distance between two grasshoppers
is long.

For gravity force G; , it can be calculated as shown in Eq. (47):

Gi = —géé (47)
where g is the gravitational constant, and € is the unity vector toward the earth's center. The last
term in the position Eq. (41) is the wind advection that can be written as follow:

Aj = pey, (48)
where p is a constant, and &, is a unity vector in wind direction.

By substituting S;, G; , and A; in Eq. (41) gives:
N Xi — X
X;= Z s(|x; — Xi|)—]d._ - — g6, + péy, (49)
=1 Y
j#i

By implementing equation (49), the grasshoppers have shown to reach their comfort zone and
do not leave it. This led to a frailer in the exploration and exploitation process toward the solution.
Therefore, this mathematical model cannot be applied to the optimization problem, so a modified
version of this equation has been proposed as shown in Eg. (50) [37]:

N
bg —1b i — X —_
X;i:c(Zcudz—dsﬂxjd—xidDX] Xl\wd (50)

j=1
j#i

where S; is almost the same, G; did not consider, and A; is assumed to be toward the target T;. ubg
is the upper bond and Ibg is the lower bond in D-th dimension. T4 is the value of the D-th
dimension, and c is the decreasing coefficient to reduce the comfort zone, repulsion region, and
attraction region. Ty demonstrates the grasshopper’s movement tendency to the target. The rest of
Eqg. (50) characterizes the interaction between grasshoppers considering the position of others.
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In Eq. (50), the first term represents the location of the current grasshopper with respect to
other grasshoppers. This algorithm is different from other optimization algorithms. To update the
position of grasshoppers in GOA, the current position, target position, and all other grasshoppers’
positions are utilized. Also, GOA has only one vector for each search agent, while another
optimization has two vectors for velocity and position.

It could be noticed that there are two ¢ in Eq. (50), each one has its own purpose. The first ¢ on
the left works as the inertial weight in PSO. It is responsible for balancing the movement of
grasshoppers in exploration and exploitation processes around the target while the iteration
increases. On the other hand, the inner ¢ works to reduce the repulsion, attraction region, and
comfort zone between grasshoppers, and the iteration number decreases. GOA starts with the
exploration process to find the appropriate searching spaces, and then the exploitation process
sends the agent to search locally to find the global optimum opposite to the real nature of the
grasshopper’s movement. Therefore, parameter c is utilized to balance the process of exploration
and exploitation as shown in Eq. (51) [39]:

1 Cmax — Cmin

€= Cmax — 17— (51)

where ¢;,q,iS the maximum value of ¢ which is set to 1, ¢;,;1S the minimum value of ¢ which is
set to 0.00001, | is the current iteration, and L is the maximum number of iterations. To find the
global optimal solution in GOA, the grasshoppers move toward the grasshopper with the best value
in each iteration. This would lead to the best approximate optimal real solution in searching space.

5. Numerical Results

The twin-tank system's close loop with each controller coded in MATLAB is used to assess
the effectiveness of the BSC and the SC. Table 1 [9] contains an overview of the system's
parameters. Tank 2 had a starting level of 0.01 cm and a goal level of 5 cm. The input flow rate is
saturated between 0 and 150 cm”3/s because of the physical actuator restriction.

Table 1. Parameters of twin-tanks system

Parameters Values
Cross-section area (A) 200 cm”2
Area of the coupling orifice (a;;)  0.2cm”2
Area of the outlet orifice (a;) 0.25 cm”2
Gravitational constant (g) 981 cm/s"2

The tuning parameters of each controller, (kypscand apg) in Eq. (20) for the BSC and
(ksec and ag) in Eq. (39) for the SC, are adjusted using the GOA in order to ensure optimal
performance. The GOA optimized the performance of the two controllers based on an error index
that is named the Root Mean Square Error (RMSE) as defined in Eq. (52) [40]. The RMSE metric
are wide used to assess the control performance [41].

(52)

where n is the number of samples in the simulation and e; is the tracking error. Table 2 reports
the parameters of the GOA. Fig. 2 illustrates the convergence of the GOA algorithm used to find
the optimal controller setting. Table 3 contains a list of the controllers' design parameters and their
values. Fig. 3 and Fig. 4 show the control law and the system's response of the two controlled
systems, respectively. Table 4 reports the corresponding numerical value of the RMSE.
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Table 2. Parameters of GOA

Parameters Values
The size of the population (N) 25
The number of iterations (L) 40
54 r
\ BSC
53.5 sC
53
52.5 ‘
w
2 \\
r 52 \ ‘
51.5 \\ \
" \\ \\
50.5
0 5 10 15 20 25 30 35 40

lteration

Fig. 2. Convergence of GTO for the two controllers

Table 3. The optimal value of the controllers' tuning parameters based on GOA

Controller Parameters Values

kbsc 0.7
BSC Apsc 2.8
k
sc sc 0.42
Asc 0.8
£
150 BSC|]
sC
—~ 100
o
™
E
z
-
S
=
(o]
© 50
0 /
0 10 20 30 40 50 60

Time (s)

Fig. 3. Control signals for both BSC and SC with actuator saturation applied

From Fig. 3, it can be observed that the control signals for the two controllers have been
saturated based on the allowable range of the actuator. Moreover, in Fig. 4, it can be seen that the
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BSC controller has achieved a faster response than that of the SC. This result is confirmed by the
numerical data in Table 4. The value of settling time (t,) reduces from 31s for the SC to 27s for the
BSC. Moreover, the value of the RMSE index for the BSC controller (50.52cm) is less than the

value of the RMSE index for the SC controller (50.53cm).

3

Position (cm)

Time (sec)

Fig. 4. System's response

Table 4. RMSE index

Index BSC SC
RMSE (cm) 5052 50.53
t, (5) 27 31

It is assumed that the system experiences a step disturbance at 40 s into the simulation
duration in order to assess the suggested controller's ability to reject disturbances. The two
regulated systems' behavior in track the intended output while experiencing disturbances is
depicted in Fig. 5. The recovery time (t...) and the difference between the steady state and
minimum amplitude of the response under disturbance (6) are used to assess how well the
controlled system performs in the disturbance scenario. Table 5 reports the dynamic response of the
two controllers with disturbance.

6 T

Position (erm)

0 10 20 30 40 50 60
Time (sec)

Fig. 5. System's response under disturbance
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By comparing the performance of the BSC and SC, using Fig. 5 and Table 5, it can be seen
that BSC's disturbance rejection minimizes deviation more effectively, with less oscillation than
that of the SC. The value of t... is reduced from 10s for the SC to 6s for the BSC. Besides, the
 value is reduced from 0.25cm for the SC to 0.15cm for the BSC. This leads to the conclusion that
the BSC is more robust against external disturbance than the SC.

Table 5. RMSE index under disturbance

Index BSC SC
RMSE (cm) 0.15 0.25
trec (S) 6 10

6. Conclusion

An interconnected twin-tank system was the subject of a comparison study in this research
between backstepping control (BSC) and synergetic control (SC). The way to develop the two
controllers was provided, and the system's mathematical model was established. To change the
suggested controllers' modifiable parameters, the grasshopper optimization technique has been
carried out. The system with the two optimized controllers was programmed in MATLAB. The
controllers were stable which proved with Lyapunov stability theory and the simulation. However,
it was observed that the BSC has better control characteristics than the SC control. In terms of the
response's speed, the BSC improved the settling time by 12.9% as compared to the SC. In the
context of robustness against disturbance, the BSC improved the recovery time by 40% as
compared to the SC.

For future work, this study can be extended by including alternative optimization algorithms
for the purpose of comparison with the proposed grasshopper optimization algorithm technique.
Moreover, using other nonlinear controllers could be also other extension of this paper. Finally,
applying the proposed control algorithm for more complex multi-tank systems can be consider
another direction for future work.
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and approved the final paper.
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Nomenclature

qin  The flow input X;  the position of i-th grasshopper

g1,  The flow to the second tank S;  the social interaction

A The area of tank 1,2 G;  the gravity force

a;,  The coupling orifice A;  the wind advection

g The gravitational constant s the strength of social forces

h; The height in tank one d;;  the distance between two grasshoppers
h, The height in tank two d,,  the unitvector

do The flow output f  theintensity of attraction

a, The outlet orifice l the attractive length scale

e The tracking error r random number

Zq The desired level position €,  the unity vector toward the earth center
2 The actual level position e, unity vector in wind direction.

Vi first Lyapunov function uby  the upper bond

\4 The virtual control lby;  the lower bond

kpse  The constant of backstepping control c the decreasing coefficient

ey The error of virtual control T, the value of D-th dimension

\ Total Lyapunov function Cmax Maximum value of ¢

upsc  The control law of the BSC Cmin  Minimum value of ¢

Rawaa Al-Majeez (Design of A Backstepping Control and Synergetic Control for An Interconnected Twin-Tanks
System: A Comparative Study)



International Journal of Robotics and Control Systems

2052 ISSN 2775-2658
Vol. 4, No. 4, 2024, pp. 2041-2054
apsc  The tuning parameter of the BSC L the maximum number of iterations
ag.  anadjustable parameter RMSE the Root Mean Square Error
k. scalar design parameter of SC

Greek symbols

o] macro-variable

P a constant in wind advection

Subscripts

In Input

0 Output

T Tracking

D Desired

Bsc  Backstepping control

Sc Synergetic control

\Y Virtual

i,j Counter of the grasshoppers

g Earth center (gravitational)

w wind

by bond in D-th dimension
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