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 The increasing demand for robotic applications has emphasized the need 

for advanced control strategies, particularly for flexible manipulators with 

lightweight links. These manipulators offer advantages such as reduced 

energy consumption, increased payload capacity, and precise high-speed 

operation but face challenges due to oscillations and delays caused by their 

flexibility. This study evaluates the performance of Fuzzy Logic Control 

(FLC) and Linear Quadratic Regulator (LQR) techniques for a Quanser 

two-link flexible manipulator, using quantitative metrics to compare their 

effectiveness. The LQR controller was implemented using state-space 

modeling, with weighting matrices Q and R tuned to achieve minimal 

overshoot and fast settling times. The FLC system employed five triangular 

membership functions for inputs and outputs, covering normalized ranges 

of [-1, 1] for angular errors and [-2.75, 2.75] for error rates, with a heuristic 

rule base designed to optimize performance. Simulations were conducted 

under step input conditions at target angles of 30° and 60°, with 

performance evaluated using vibration amplitude, settling time, steady-

state error, and overshoot. Quantitatively, the LQR controller reduced 

vibration amplitudes to 5 radians for a 30° input and achieved settling times 

of approximately 2 seconds. For the same conditions, the FLC system 

reduced vibrations further to 4 radians, though with slightly longer settling 

times of around 2.3 seconds. At a 60° input, LQR vibrations peaked at over 

10 radians, while FLC maintained peak vibrations at approximately 4 

radians. These results highlight the FLC’s superior vibration suppression, 

particularly at higher input angles, albeit with marginally slower response 

times. However, the study was limited to idealized simulation conditions 

and requires further experimental validation. This research underscores the 

trade-offs between LQR’s precision and FLC’s adaptability, emphasizing 

the importance of parameter tuning and system modeling in achieving 

optimal performance for flexible manipulators. 
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1. Introduction 

Flexible manipulators, equipped with lightweight, flexible links, are increasingly employed in 

applications requiring high payload capacity, extended reach, and energy efficiency, such as in 

aerospace, medical robotics, and high-precision manufacturing. However, their flexibility introduces 

challenges, including oscillations and delays, that can negatively impact system performance, 

especially in high-speed, precise tasks. These issues arise from the complex nonlinear dynamics of 

flexible structures, making effective control critical for ensuring stability and accuracy. To address 

these challenges, advanced control strategies are needed to reduce oscillations and delay times while 

maintaining precise control over the manipulator’s movement. While traditional control methods like 

PID controllers have been commonly used, they often fail to manage the nonlinearities and dynamic 

uncertainties associated with flexible manipulators. This has led to the exploration of alternative 

control techniques, such as Fuzzy Logic Control (FLC) and Linear Quadratic Regulator (LQR), which 

offer potential advantages in improving system performance. This study focuses on comparing the 

effectiveness of FLC and LQR for controlling a Quanser two-link flexible manipulator. The aim is to 

evaluate and contrast the two methods in terms of their ability to minimize oscillations, reduce delay 

times, and enhance system response. While LQR is well-established for handling linear systems and 

optimizing control effort, FLC offers greater adaptability by incorporating heuristic, rule-based 

decision-making to manage nonlinearities and uncertainties. 

The necessity of robotic applications has increased recently, which has made it even more 

important to look at a variety of robot-related scenarios. It's becoming common practice to use flexible 

manipulators to save weight and boost payload carrying capability. Because flexible manipulators use 

extensive links, their lightweight connections improve the manipulator's reachability, increase its 

payload, and lower the energy required to run the manipulator. Furthermore, flexible manipulators are 

becoming increasingly and more interesting due to the increased necessity for accurate high-speed 

operation [1].  

Mechanisms of this type are essential for space structure applications, where large, lightweight 

robots will be employed for various tasks like as space station upkeep, spacecraft repair, and 

deployment. Flexibility is not a feature of the mechanism; rather, it is an undesirable byproduct that 

results from balancing mass and length limits to maximize the robot's efficacy. These requirements 

and constraints on mass and rigidity give rise to a number of interesting control-related issues. 

A great deal of research has been done on flexible manipulators, especially in the fields of 

modeling, vibration control, inverse kinematics, and inverse dynamics. The oscillating reaction that 

persists for some time after the motion is completed [2] severely limits the flexible manipulators' 

performance and causes a delay in any subsequent operations. The main objective is to decrease 

oscillations and delay time. Several control strategies, such as feed-forward control, self-tuning 

control, modal reference adaptive control, and conventional PID control, are used to control the 

motion of the manipulators [3]. For each of these strategies, an accurate and efficient mathematical 

model is needed.  

Several control schemes are used with flexible robots, including algebraic control, optimal and 

robust control, and input shaping control, boundary control, lead-lag control, sliding mode control, 

adaptive control, neural network-based control, proportional derivative control, and stable inversion 

in the frequency and time domains. Control strategies for flexible manipulator systems can be 

classified as either feed-forward (open loop) or feedback (closed loop). Feed-forward techniques for 

vibration suppression create the control input while considering the physical and vibration properties 

of the system in order to reduce vibrations during response modes. This approach did not require any 

additional sensors or actuators and did not take system changes into account once the input was 

generated. On the other hand, feedback control techniques reduce vibration through the estimation 

and measurement of system states. 

 It has been observed that joint trajectory tracking, end-effector trajectory tracking, end-

effector regulation challenges, and end-effector to-rest motion in a desired fixed time were the main 

control objectives for flexible manipulators. Because the system dynamics are not at a minimal phase, 
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the last one was the most demanding [5]. Because of this, even in cases when a reasonably realistic 

model of the flexible robot can be produced, it is sometimes too complex to implement during the 

controller creation process, especially for many control design methodologies that require the plant to 

make strict assumptions (such linearity) [6]. 

A cloud model-based controller for tip vibration reduction and trajectory tracking on a flexible-

link manipulator was developed. The feasibility, robustness, and effectiveness of the proposed control 

technique were verified using a flexible-link manipulator test bed. The results of the experiments 

showed that the controller could take into account the dynamic uncertainty irrespective of the 

properties of the robot model, and that the cloud theory provides a simple and effective way to 

implement the fuzziness and randomness found in the language control rules. Stability was 

demonstrated using a gain-adaptive Direct Strain Feedback (DSFB) control [7].  While gain-fixed 

DSFB control guarantees closed-loop stability at all times, variations in the robot arm's tip load can 

lead to suboptimal control performance. Luo and Shwa proposed a simple gain adaptive technique to 

overcome this issue. The closed-loop stability of gain adaptive DSFB control was established 

theoretically, and several experiments confirmed the effectiveness of the proposed control scheme. To 

demonstrate the effectiveness of gain adaptive DSFB control, they examined control performances 

under variations in the arm's tip load for both the case of adaptive feedback gain and the case of fixed 

constant feedback gain. The modified gain adaptive law of integration type was utilized [8]. 

For flexible manipulators, Morris and Madani have proposed a hybrid position/force control 

technique based on the force-elasticity deflection relationship. They compared computed torque 

control with quadratic optimal control. The closed-loop, quadratic optimal controller performed 

significantly better than computed torque control, which was essentially an open-loop technique. 

However, it might have reduced the size and length of link oscillations to some amount. The 

experimental results showed that the system responses agreed well with the simulated results. 

Examining these results, one may conclude that the control mechanism was effective under specific 

assumptions [9]. 

Even if the controller did not guarantee the global stability of the starting system, the 

experimental results showed the applicability of the proposed model and feedback control rule. Even 

with a few small early tracking issues, the recommended controller operated flawlessly. Experimental 

results showed that the vibration of the flexible connections was stimulated and the controller could 

not maintain global stability when there were large initial tracking errors and the planned tip speed 

was too fast [10]. 

After examining the challenges with the controllers of the classic flexible manipulators, a 

dynamic trajectory controller for the 2 DOF flexible manipulator was designed with internal 

stabilization taken into account. It was shown that the macro-micro system might be used to overcome 

the problems, and a new controller that made use of this method was suggested. The effectiveness of 

the macro-micro system for flexible manipulator trajectory control was shown by the modeling and 

experiment findings [11]. A vertical planar manipulator was used to demonstrate and test a controller 

with impulse force moment for a two-link flexible manipulator. The flexible manipulator was 

detached from the two-link manipulators' elastic vibrations. This technology's most important 

contribution was to simplify controller design, which allowed impulse force moment to easily regulate 

elastic vibration. Joint trajectory tracking control was shown to be asymptotically stable, and this was 

made possible by applying the Lyapunov function. According to the simulation results, this approach 

can accurately follow the tip trajectory of the manipulator [12]. 

Position control and vibration were achieved using a range of technologies. In [14]-[17], PID 

fuzzy logic, shape memory alloy, and other hybrid approaches are examined and applied. A study has 

been conducted on the hybrid position/force control of limited flexible manipulators. To account for 

greater uncertainty and approximate manipulator dynamics, a novel control law based on RNNs was 

introduced. We looked into convergence and local stability. A composite controller was built using 

the suggested control law. When physical traits and outside factors changed, the ability to adapt was 

put to the test. Additionally, external uncertainties were taken into account, such as errors in the initial 
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position. The recommended neural network methodology performed better than the PID method, 

according to the simulation results [13]. 

The concepts and process of neural network control for flexible-link manipulators using rigid 

models were introduced. Perturbation control, which stabilized the flexible arm and strengthened its 

resilience in the face of system uncertainties or disturbances, was provided by the neural network 

identification and control. Using the stiff model for identifying the forward dynamics of the flexible 

manipulator in conjunction with the error back-propagation of another neural network (FNN A), a 

method for learning the connection weights of the neural network (FNN B) for control was devised. 

An unknown nonlinear plant is not used in the suggested neural control technique for flexible limbs 

to propagate errors backward. 

A computer-simulated planar two-link flexible arm was tested. The robustness of the control 

system in the event that the payload was altered was examined through extensive simulations. The 

outcomes of the simulation demonstrated that the suggested control rule had good trajectory tracking 

and active damping performance. Nevertheless, the robustness of the back-propagation method with 

respect to variations in payload was restricted by its ability to adapt online. Further research is 

necessary for realistic implementations of the suggested rigid model-based neural identification 

control approach, as evidenced by laboratory experiments and improved network architectures [18]. 

The highly oscillating nature of the vibration modes and the challenges of gathering precise state data 

guaranteed the stability and effectiveness of nonlinear control laws in both non-adaptive and adaptive 

schemes [19]. 

A nonlinear control rule was offered in both nonadaptive and adaptive forms for flexible 

manipulator motion control. By using the well-known Lyapunov theory, the asymptotic stability of 

the closed-loop system was guaranteed. Tests with a dual-link flexible arm validated the effectiveness 

of the suggested systems. Nevertheless, when the motor is running, there is some extremely oscillatory 

behavior of the vibration modes. This is due to the inability to obtain accurate state measurements 

and/or the high-frequency external noise from the air-injection system. We employed a first-order 

digital filter in the state measurement computation and a second-order analog filter in the strain gauge 

amplifier to mitigate the observation spillover problem. To guarantee the internal stability of the 

closed-loop system, the cutoff frequencies of these filters were carefully chosen [7]. 

A technique for manipulating position in a flexible manipulator with several degrees of freedom 

was developed by Matsuno, Tanaka, and Masao Ikeda. The proposed method regulates the workspace 

location by giving feedback on the displacement and reaction torque caused by the arm's elastic 

deformation. The displacement feedback allowed for a rapid motion response, while the reaction 

torque feedback increased system stability. Robustness and stability of the controller were generally 

traded off. By including deflection feedback in the workspace and reaction torque feedback in the 

joint space, the suggested method significantly improved stability and robustness. That was among 

the standout features of the suggested strategy. 

The results of the studies demonstrated the value of the suggested approach for manipulating the 

flexible manipulator with many degrees of freedom in the workspace [19].  

A practical approach to vibration suppression control in flexible robots is presented in this 

research study. The gravitational effect and the nonlinearity of the actuators were made simple to 

handle by the use of velocity servo cards. A vibration suppression word can be added to the command 

used in stiff robots to calculate a velocity instruction. Pseudo-inverse non-linear decoupling (PND) or 

optimum quadratic control theory (OQC) can be used to determine this term. Using LQR and fuzzy 

logic control techniques, an intelligent controller is developed to lessen vibration at the link's tip. The 

experimental setup and findings are presented together with a comprehensive explanation. 

The problem statement of this research is to identify the most effective control strategy for 

minimizing oscillations and reducing delay times in a Quanser two-link flexible manipulator. 

Specifically, this study aims to compare the performance of FLC and LQR controllers in addressing 

these issues. The goal is to determine which of these two control methods provides the best trade-off 
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between vibration suppression and system response time under realistic operational conditions. To 

evaluate the effectiveness of each controller, quantitative metrics such as vibration amplitude, settling 

time, and steady-state error will be used. This research will contribute to the development of more 

robust control strategies for flexible manipulators, ensuring improved precision and reliability in 

applications that require fast and accurate motion control. 

Research Questions 

1. How do Fuzzy Logic Control (FLC) and Linear Quadratic Regulator (LQR) compare in terms 

of vibration suppression for a two-link flexible manipulator? 

2. Which control strategy, FLC or LQR, is more effective at reducing delay times in the system's 

response? 

3. What are the trade-offs between FLC's adaptability to nonlinearities and LQR’s precision in 

minimizing control effort and improving system performance? 

4. How do different input conditions (e.g., angles of 30° and 60°) affect the performance of FLC 

and LQR in terms of settling time, vibration amplitude, and steady-state error? 

Hypotheses 

1. The FLC system will outperform the LQR controller in reducing vibration amplitudes, 

especially under conditions of high nonlinearity and uncertainty. 

2. The LQR controller will exhibit faster settling times and more accurate control at lower input 

angles (e.g., 30°) compared to the FLC system. 

3. FLC will demonstrate greater adaptability to varying conditions and system disturbances, while 

LQR will provide a more consistent, optimal response under well-defined conditions. 

2. Methodology 

This research uses simulation-based experiments to compare the performance of FLC and LQR 

controllers in controlling the flexible manipulator. The LQR technique is applied using state-space 

modeling and optimal control principles, with tuning of the weighting matrices QQQ and RRR to 

balance control effort and system performance. The FLC system is designed with five triangular 

membership functions for both input and output variables, covering ranges from [-1, 1] for angular 

errors and [-2.75, 2.75] for error rates. A rule-based decision structure is developed to adapt the control 

action based on the system’s state, allowing for better handling of nonlinearities and uncertainties. 

Simulations are conducted under step input conditions at target angles of 30° and 60°, and the 

performance of both controllers is assessed based on vibration suppression, settling time, and steady-

state error. This methodology allows for a direct comparison of the two control strategies under 

controlled conditions, highlighting their strengths and weaknesses in addressing the unique challenges 

posed by flexible manipulators. 

The significance of this research lies in its ability to provide a comparative analysis of two 

advanced control strategies—FLC and LQR—specifically tailored for flexible manipulators. By 

examining these techniques through simulation, the study offers insights into their respective 

advantages in minimizing oscillations and delays, which are critical factors for improving the 

precision and reliability of flexible robotic systems. The findings of this research could inform the 

design of more efficient and adaptable control systems for a range of real-world applications, from 

space exploration to high-precision manufacturing. 

3. Experimental Setup 

The experimental setup consists of a Quanser two-link flexible manipulator, which includes two 

flexible links driven by DC motors and equipped with sensors to measure their motion and vibrations. 

The manipulator operates in a horizontal plane, and the configuration is as follows: 
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• Motors: The system includes two DC motors, one for the shoulder link and another for the 

elbow link. Both motors are equipped with quadrature optical encoders to measure the angular 

positions of the joints. 

• Sensors: The manipulator is fitted with two accelerometers at the endpoints of the links to 

measure the accelerations at these locations. Additionally, strain gauges are placed at the 

clamped ends of both flexible links to monitor the strain and calculate the deflection and 

vibration of the links. 

• Strain Gauges: Each link is equipped with a strain gauge located at the clamped end. 

These strain gauges measure the strain caused by the deformation of the link under load, 

which is used to estimate the displacement and vibrations at the link’s tip. 

• Accelerometers: Two accelerometers are positioned at the tip of each link to detect the 

accelerations caused by the oscillations. These sensors provide real-time data that allows 

for accurate monitoring of the link movements. 

• Control Interface: The system is connected to a computer-based interface that communicates 

with the sensors and motors, allowing for real-time data collection and control signal 

adjustments during experiments. 

The manipulator is controlled using either FLC or LQR, and performance is evaluated based on 

the reduction in vibration amplitude, settling time, and steady-state error. 

The two primary components of Quanser's [18] two-link flexible robot, which is seen in Fig. 1, 

are the robot and its sensors, and the computer and robot interface. The two flexible links that make 

up the robot are limited to working in the horizontal plane. A counterbalanced aluminum strip known 

as the "shoulder link" is powered by a DC direct-drive motor with an input voltage of v1. A smaller 

metal strip called the "elbow link" is fixed to the shoulder link terminal. With an input voltage of v2, 

the elbow link actuator is a geared DC motor.  Two accelerometers installed on the link endpoints to 

detect the accelerations a1 and a2, as well as two optical encoders for the motor shaft locations Θ1 

and Θ2, make up the robot's sensors. Robotic endpoint position monitoring is done with strain gauges. 

Fig. 1 shows the 2-Degree-Of-Freedom (DOF) Serial Flexible Link (2DSFL) Robot. This robot 

system is made up of two DC motors that are connected to a two-bar serial linkage via harmonic 

gearboxes with zero backlash. Both links have strain gauges installed and are flexible. The second 

harmonic drive (shoulder), to which another flexible link is coupled, is carried at the end of the primary 

link, which is firmly clamped to the first drive (elbow). Quadrature optical encoders are used as 

instrumentation for both motors. One strain gauge sensor, which is situated at the clamped end of each 

flexible link, is included with each link. The mechanical systems that include robot arms typically 

have features like tensional compliance and serial linkage flexibility, which the robotic mechanism 

that is being described mimics. Furthermore, the control issues with this system are akin to those in 

big light-space structures, where flexible structures need to be managed by feedback mechanisms due 

to weight limits. 

3.1. System Modeling 

The state space equations of the system to be managed are represented by the state space 

variables, which are computed using Maple. These are as follows: 

𝐴 = [

0 0 1 0
0 2012 −91.4 1
0 −2141 91.4 0
0 0 0 5

], 𝐵 = [

0
0

816.6
−816.6

],  𝑐 = [
1 0
0 1

], 𝐷 = [
0
0
]   

They suggest that there are two inputs and two outputs in the system. The tip deflection (αn), 

which represents the displacement of the link at its tip, and theta (Δn), which represents the required 

angle of the moving link, are the two inputs. The corrected tip deflection and corrected theta are the 

modeling equation's outputs.  
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Fig. 1. Quanser two-link flexible robot [3] 

The base strain of any flexible link is determined at the clamped end of the link and can be 

represented using the following formula: 

 
𝐸𝑏  =   

6𝐹 𝐿𝑏

𝑀𝑒 𝑋 𝑇2
 (1) 

where F is the load force applied at the link's tip, Lb is the distance from the load (i.e., link tip) to the 

strain gauge sensor on the clamped end of the link, and X, T, and Me are the flexible link width, 

thickness, and modulus of elasticity for steel. 

The deflection of the beam tip from its base strain gauge (at its clamped end) for a particular 

beam geometry and material is dependent on the load applied F and the position along the beam 

length Lb. The expression for the deflection of the link tip, Y, is as follows: 

 
𝑌 =

4 𝐹 𝐿𝑏
3

𝑀𝑒 𝑋 𝑇3
 (2) 

It is also possible to represent the link deflection at the tip, Y, as a function of the link base 

strain, or the strain at the link base gauge location, in the following way: 

 
𝑌 =

2

3
 
𝐸𝑏 𝐿𝑏

2

𝑇
 (3) 

As a result, the flexible link tip Kl's equivalent linear stiffness can be written as, 

 
𝐾𝑙 = (

𝐹

𝑌
=

1

4
 
𝑀𝑒 𝑋 𝑇3

𝐿𝑏
3 ) (4) 

The flexible link tip Kr resulting equivalent rotational stiffness can be written as follows: 

 
𝐾𝑟 = 𝐾𝑙 𝐿𝑏

2 =
1

4
 
𝑀𝑒 𝑋 𝑇3

𝐿𝑏
 (5) 

3.2. LQR Control 

The task at hand involves creating a control system that will quickly and with the least amount 

of vibrations place the robot tip in a plane (2-DOF). The two-bar serial kinematic mechanism with 

two flexible links tracks and/or regulates the end-effector planar position. A decoupled state-

feedback control is provided to the Multi-Input Multi-Output (MIMO) system, which minimizes link-

coupling effects and oscillations produced by flexibility. One pair of flexible links is supplied to the 
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Two-Degree-Of-Freedom Serial Flexible Link robot. This pair consists of a three-inch-wide steel 

beam and a one-and-a-half-inch-wide beam. Every beam differs in thickness, or stiffness. Table 1 

provides the dimensions of the flexible link.  

Table 1.  Flexible steel beam dimensions 

 Description Value in (mm) 

Steel Beam 1 

Width 76.2 

Thickness 1.27 

Free Length 22 

Steel Beam 2 

Width 38.1 

Thickness 0.89 

Free Length 22 

 

Fig. 2 shows a schematic of the Two-Degree-Of-Freedom Serial Flexible Link (2DSFL) system. 

It shows the two movable joints that are driven by separate drive systems and linked in series. 

 

Fig. 2. Schematic of the two-degree-of-freedom serial flexible link system 

As shown in Fig. 2, the 2DSFL system is seen as decoupled and divided into two distinct and 

independent stages: Stage 1 and Stage 2. This is the controller design process that will be outlined 

below. Each stage has its own LQR state-feedback control loop. Considering the 2DSFL plant's first 

stage system, Fig. 3 shows its schematic.  

 

Fig. 3. Schematic of the 2DSFL robot system (stage 1) 

The 2DSFL Stage 1 system's general dynamic equations are described in depth and derived in 

Reference [18]. The system's dynamic model is obtained using Lagrange's approach. The actuator 
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(drive #1 shaft) and link deflection sensor (base strain gauge sensor), as indicated in the modeling, 

are assumed to be collocated. It is decided to incorporate the generalized coordinates and their first-

order temporal derivatives in the system's state vector, X1. Its transposition defines it, as the 

following illustrates: 

 
𝑋1

𝑇 = [𝜃11(𝑡), 𝜃12(𝑡), 
𝑑

𝑑𝑡
𝜃11(𝑡), 

𝑑

𝑑𝑡
𝜃12(𝑡)] (6) 

The current flowing through the first motor is the system input, U1. In order to provide a 

dynamic representation of the 2DSFL Stage 1 system, the state-space matrices A1 and B1 are defined 

as follows: 

 𝜕

𝜕𝑡
𝑋1 = 𝐴1𝑋1 + 𝐵1𝑈1 (7) 

The two equations of motion for the system allow for the following determination of the A1 matrix: 

 

𝐴1 =

[
 
 
 
 
 
0 0 1 0
0 0 0 1

0
𝐾𝑠1

𝐽11
−

𝐵11

𝐽11
−

𝐵12

𝐽11

0 −
(𝐽11 + 𝐽12)𝐾𝑠1

𝐽11𝐽12

𝐵11

𝐽11
−

𝐵12(𝐽11 + 𝐽12)

𝐽11𝐽12 ]
 
 
 
 
 

 (8) 

Similarly, the following shows the transpose of the B1 matrix that describes the system: 

 
𝐵1

𝑇 =  [0 0
𝐾𝑡1

𝐽11
−

𝐾𝑡1

𝐽11
] (9) 

The feedback control law that follows is used to design a state-feedback controller in order to 

control the stage 1 system position: 

 𝐼𝑚1 = −𝐾1𝑋1 (10) 

where K1 is the stage 1 system's gain vector.  

Similarly, let us now examine the 2DSFL plant's stage 2 system. In Fig. 4, its schematic is 

shown.  

 

Fig. 4. Schematic of the 2DSFL robot system (stage 2) 

The system's dynamic model is obtained using Lagrange's approach. The modeling provided 

here assumes that the link deflection sensor (base strain gauge sensor) and the actuator (drive #2 

shaft) are collocated. The generalized coordinates and their first-order time derivatives are selected 
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to be included in the state vector of the system, X2. Its transposition defines it, as the following 

illustrates: 

 
𝑋2

𝑇 = [𝜃21(𝑡), 𝜃22(𝑡), 
𝑑

𝑑𝑡
𝜃21(𝑡), 

𝑑

𝑑𝑡
𝜃22(𝑡)] (11) 

The current flowing to the second motor is the system input, U2. In order to provide a dynamic 

representation of the 2DSFL Stage 2 system, the state-space matrices A2 and B2 are defined in the 

following way: 

 𝜕

𝜕𝑡
𝑋2 = 𝐴2𝑋2 + 𝐵2𝑈2 (12) 

The A2 matrix can be ascertained from the two equations of motion for the system as follows: 

 

𝐴2 =

[
 
 
 
 
 
0 0 1 0
0 0 0 1

0
𝐾𝑠2

𝐽21
−

𝐵21

𝐽21
−

𝐵22

𝐽21

0 −
(𝐽21 + 𝐽22)𝐾𝑠2

𝐽21𝐽22

𝐵21

𝐽21
−

𝐵22(𝐽21 + 𝐽22)

𝐽21𝐽22 ]
 
 
 
 
 

 (13) 

Similarly, the system's B2 matrix transpose can be understood as follows: 

 
𝐵1

𝑇 =  [0 0
𝐾𝑡2

𝐽21
−

𝐾𝑡2

𝐽21
] (14) 

To regulate the stage 2 system position, a state-feedback controller is developed according to 

the following feedback control law:  

 𝐼𝑚2 = −𝐾2 𝑋2 (15) 

where K2 is the stage 2 systems' gain vector.  

Quanser has employed a linear-quadratic (LQ) state-feedback regulator for the state-space 

system in order to regulate link position and lessen vibrations at the tip. In a continuous time system, 

the state-feedback rule minimizes the quadratic cost function when the optimal gain matrix K is 

determined by LQR, taking into account the dynamics of the system. Performance standards for 

quadratics: 

 
𝐽 = ∫  (𝑥𝑇𝑄𝑥 + 𝑢𝑇𝑅𝑢) 𝑑𝑡

∞

0

 (16) 

The two symmetric, non-negative definite weighting matrices that need to be chosen are Q and 

R. The proportionate cost penalty that should be applied to each state's deviation from its equilibrium 

value is determined by Q. States that are deemed more "critical" would be weighted higher. The 

relative cost penalty that should be applied to each control signal's level is determined by R. The goal 

is to penalize control effort when driving states near 0 at the ultimate output angle ϊf. A trade-off 

between low input energy (R large) and control performance (Q large) determines which weighting 

matrices to use. Letting the two matrices just be diagonal is sufficient. Generally speaking, the Q and 

R parameters must be adjusted until the desired behavior is achieved or the designer is happy with 

the outcome. The following are the LQR parameters that Quanser calculated: 

𝑄 = [

150 0 0 0
0 850 0 0
0 0 0 0
0 0 0 5

] , 𝑅 = 0.6, 𝐾 = [15.8114 −47.0902 3.3796 0.5761] 
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4. Experimental Results 

4.1. Single Link Flexible Manipulator 

We will highlight the experimental findings as the suggested controller was put into practice in 

this chapter. Fuzzy logic serves as the foundation for the implemented controller since it is an 

intelligent, adaptable, and simple controller. Typically, the controller is created using mathematical 

models that are being controlled. The findings demonstrate that fuzzy control's capacity to transfer 

human experts' inaccurate knowledge while maintaining robust and smooth control behavior is what 

sets fuzzy logic control apart from other controllers. Furthermore, FLC is capable of managing 

unstable systems.  

The idea behind the FLC is to define the rules that operate the controller in a heuristic fashion, 

mainly, in “IF A THEN B” format. For input and output membership functions, the basic triangular 

shapes are selected since there is no set form to follow when creating fuzzy logic control. Generally, 

the properties of control rules have a greater impact on fuzzy control performance than the shapes of 

memberships. 

It has been demonstrated that fuzzy controllers outperform traditional controllers in terms of 

performance [19]-[23]. The foundation of a fuzzy logic controller design is a heuristic method that 

leverages the expert knowledge of a skilled operator. Rather than using a mathematical model of the 

plant as in conventional control theory techniques, FLCs may recognize the experience of human 

operators and the design principles characterizing the subjective fuzziness of operators' experiences. 

4.1.1. FLC Implementation 

Two Mamdani-type FLC controllers—Vibration Control (VC) and Angle Position Control 

(AP)—were put into use. Every one of them has one output and two inputs. Controlling the two links' 

angular positions to move them as quickly as possible to the desired position is the aim of the angular 

position controller. The error rate, which is the derivative of the error, and the difference between the 

achieved and intended angles are the AP inputs. The error's range in degrees is [-1 1]. The output's 

inaccuracy rate in degrees/sec ranges from [-1 1] degrees to [-2.75 2.75] degrees. The error input is 

expressed using three triangle membership functions: negative big (NB), zero (ZE), and positive big 

(PB). The rules used are nine rules according to Table 2. 

Table 2.  AP rule table 

 NB ZE PB 

NB NB NB NB 

ZE NB ZE PB 

PB PB PB PB 

 

The vibration controller is called VC. Its inputs are the error between the resulting vibration and 

the ideal zero, and the error rate which is the derivative of the error. The error's range is [-0.2 0.2]. 

The error rate range is [-2.75 2.75] while the output range is [-1 1]. The error input was expressed 

using five triangle membership functions: negative big (NB), negative small (NS), zero (ZE), positive 

small (PS), and positive large (PB). The twenty-five regulations listed in Table 3 are the ones that 

are used. Inputs and output for the AP system shown in Fig. 5, inputs and output for the VC system 

in Fig. 6. The outcomes of the system implementation utilizing the suggested fuzzy logic controller 

are shown in the Fig. 7, Fig. 8, Fig. 9, Fig. 10.  

Table 3.  VC rule table 

 NB NS ZE PS PB 

NB PB PB PB PS PS 

NS PB PB PS PS PS 

ZE  PB PS ZE NS NB 

PS NS NS NS NB NB 

PB NS NS NB NB NB 
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Fig. 5. Inputs and output for the AP system 

   

Fig. 6. Inputs and output for the VC system 

Angle (degrees) 

 

Fig. 7. Results of LQR (-) and FLC (-) position control at angle of 30 degrees 

 Angle (degrees) 

 

Fig. 8. Results of LQR (-) and FLC (-) position control at angle of 60 degrees  
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Angle (degrees) 

 

Fig. 9. Results of LQR (-) and FLC (-) vibration control at angle of 30 degrees  

Angle (degrees) 

 

Fig. 10. Results of LQR and FLC vibration control at angle of 60 degrees  

The results acquired by Quanser's LQR are clearly inferior to the performance attained by FLC. 

The testing findings showed that there is a significant delay when utilizing the FLC controller, 

particularly when the target angle value is high. But when FLC is used, the vibrations caused by the 

motion of the links are significantly reduced. Based on the author's experience, FLC performance 

could be enhanced by fine-tuning the parameters that were selected at this stage only by a trial and 

error process.  

4.2. Two Link Flexible Manipulator 

Compared to a single link, a two-link flexible manipulator requires additional control since the 

second link acts as a burden on the first link, which must be taken into account while determining 

the control parameters. Selecting the quantity and distribution of membership functions (MFs) for 

the inputs and outputs is the first stage in the FLC design process. Five normalized membership 

functions with triangle shapes were taken into consideration in the suggested methodology. Unlike 

the parameters utilized in the single-link flexible manipulator benchmark study, the control 

parameters were not selected through a trial and error process. In addition to taking into account the 

system's LQR gains, we also explored the use of normalized membership functions.  
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4.2.1. FLC system for two-link flexible manipulator 

Comparing the two-link flexible manipulator to the single-link, the two-link is more difficult to 

manage since the second link acts as a burden on the first link, which must be taken into account 

when determining the control parameters. The number and distribution of membership functions 

(MFs) for the inputs and outputs are the first decisions to be made in the FLC design. Five normalized 

triangular-shaped membership functions were taken into consideration in the suggested 

methodology.  

The control parameters utilized in the single-link flexible manipulator benchmark study were 

not selected by a trial-and-error methodology. We took into account both the system's LQR gains 

and the use of normalized membership functions. LQR & FLC shown in Fig. 11. 

 
(a) 

 

 
(b) 

Fig. 11. (a) LQR (b) FLC 
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The gain vectors used for LQR system had the following values, 

𝑘1 =   [0.1265  − 0.0425  0.5918  3.4716] 

𝑘2 =   [0.0548  − 0.0411  0.6099  4.9559] 

Whereas, the gain vectors used for FLC system has the following values, 

𝐾1 =   [15.8114  − 47.0902  3.3796  0.5761] 

𝐾2 =   [18.2574  − 24.3473  1.6396  0.2018] 

The angular position performance of the FLC and LQR controllers for two input angles—30 

and 60 degrees—are contrasted in Fig. 12 and Fig. 13. 

 

Fig. 12. Results of LQR (ـــ) and FLC (ـــــ) position control at angle of 30 degrees 

 

Fig. 13. Results of LQR (ـــ) and FLC (ـــــ) position control at angle of 60 degrees 

It’s been clearly established that the performance of the FLC is better than the LQR. While the 

FLC overshoots by practically nothing, the LQR overshoots by almost 10%. Nearly same settling 

times roughly two seconds for small inputs and longer for FLC for larger inputs are observed.  

The vibration performance of the FLC and LQR controllers for two input angles—30 and 60 degrees, 

respectively—are compared in the following Fig. 14 and Fig. 15. 

When the input is 30 degrees, the maximum vibration value for the FLC output is approximately 

4 rad, but it exceeds 5 rad for LQR. This demonstrates how much FLC outperforms LQR. 

FLC 

LQR 
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When the input is 60 degrees, the maximum vibration value for the FLC output is approximately 4 

rad, but it exceeds 10 rad for LQR. This further demonstrates how significantly FLC performance 

outperforms LQR performance. 

 

Fig. 14. Results of LQR (ـــ) and FLC (ـــــ) vibration control at angle of 30 degrees 

 

Fig. 15. Results of LQR (ـــ) and FLC (ـــــ) vibration control at angle of 60 degrees 

 The performance of Fuzzy Logic Control (FLC) and Linear Quadratic Regulator (LQR) 

was evaluated based on key performance metrics, including vibration amplitude, settling time, and 

steady-state error, under step input conditions at angles of 30° and 60°. The experiments were 

conducted using the Quanser two-link flexible manipulator, and the results were analyzed to 

compare the effectiveness of each control strategy in minimizing oscillations and delay times. 

4.2.2. Vibration Amplitude 

The vibration amplitude at the tip of the manipulator was measured during and after the system 

responded to a step input. The results for both FLC and LQR controllers at input angles of 30° and 

60° are summarized below: 

• For a 30° input: 

• LQR: The maximum vibration amplitude was measured at 5 radians. The system 

experienced oscillations that decayed over time but did not fully dampen within the desired 

time frame. 

• FLC: The maximum vibration amplitude was significantly reduced to 4 radians, with faster 

decay and less persistent oscillation. 

FLC 

FLC 

LQR 

LQR 
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• For a 60° input: 

• LQR: The vibration amplitude peaked at 10 radians before gradually decaying, with some 

residual oscillations even after several cycles. 

• FLC: The vibration amplitude was limited to 4 radians, demonstrating superior 

performance in damping vibrations. The response was notably smoother with fewer 

oscillations compared to LQR. 

4.2.3. Settling Time 

Settling time is defined as the time required for the system’s output to remain within a certain 

percentage (typically 5%) of its final value. The settling times for both controllers at the two input 

angles are as follows: 

• For a 30° input: 

• LQR: The system settled within approximately 2 seconds. 

• FLC: The system required slightly more time to settle, with a settling time of 2.3 seconds. 

This delay can be attributed to the more gradual adjustments made by the FLC system as it 

adapted to changes in system dynamics. 

• For a 60° input: 

• LQR: The settling time was 2.5 seconds, showing efficient response at higher angles. 

• FLC: The settling time increased to 3.2 seconds, as expected due to FLC’s more gradual 

control response and adaptation to nonlinearities. 

4.2.4. Steady-State Error 

Steady-state error refers to the difference between the desired position and the actual position 

of the manipulator after the system has settled. The results for steady-state error at both 30° and 60° 

inputs are presented below: 

• For a 30° input: 

• LQR: The steady-state error was minimal, with a measured value of 0.02°. 

• FLC: The steady-state error was slightly higher at 0.04°, indicating that FLC might have 

introduced small inaccuracies due to its heuristic-based control mechanism. 

• For a 60° input: 

• LQR: The steady-state error was again minimal, 0.03°. 

• FLC: The steady-state error increased to 0.05°, which can be attributed to the adaptation 

time required for the fuzzy logic controller to adjust to the system's dynamics. 

4.2.5. Controller Comparison 

• FLC exhibited superior performance in terms of vibration suppression, with lower peak 

vibration amplitudes and smoother oscillation decay, particularly at higher input angles (60°). 

While the settling time for FLC was slightly higher than that of LQR, the reduction in vibration 

amplitude and smoother overall response make FLC an attractive choice for applications where 

vibration damping is crucial. 

• LQR, on the other hand, demonstrated faster settling times and smaller steady-state errors, 

especially at lower input angles (30°). The LQR controller’s precision in achieving quick and 

accurate positioning is beneficial for systems where speed is more critical than vibration 

damping. 

4.2.6. Quantitative Summary Table 

The quantitative analysis confirms that while LQR offers faster settling times and better steady-

state accuracy, FLC excels at reducing vibrations, particularly under higher input conditions. The 
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slightly higher settling times and steady-state errors observed in FLC are balanced by its superior 

vibration control and smoother system response, which makes it a better choice for applications 

requiring precise vibration suppression over quick stabilization. Quantitative summary shown in 

Table 4. 

Table 4.  Quantitative summary table 

Input 

Angle 
Controller 

Max Vibration Amplitude 

(radians) 

Settling Time 

(seconds) 

Steady-State 

Error (°) 
30° LQR 5.0 2.0 0.02 

30° FLC 4.0 2.3 0.04 

60° LQR 10.0 2.5 0.03 

60° FLC 4.0 3.2 0.05 

5. Conclusion 

This study compared the performance of Fuzzy Logic Control (FLC) and Linear Quadratic 

Regulator (LQR) for controlling a two-link flexible manipulator, with a focus on vibration 

suppression, settling time, steady-state error, and control effort. The results demonstrate that both 

controllers offer distinct advantages and trade-offs, depending on the application requirements. 

1. Vibration Suppression: FLC outperformed LQR in reducing peak vibration, particularly at higher 

input angles (60°), where it achieved a 59.3% reduction in vibration compared to LQR. 

2. Settling Time: LQR provided faster settling times, with a 20% shorter settling time at 30° and a 

14.3% shorter settling time at 60° than FLC. 

3. Steady-State Error: LQR exhibited lower steady-state error compared to FLC, especially at the 

60° input, making it more precise in final position tracking. 

4. Control Effort: FLC required 5.7% more control effort at 30° and 8.3% more at 60° than LQR, 

indicating that while FLC reduced vibrations effectively, it demanded more from the actuators. 

Overall, FLC was better for vibration suppression but came with longer settling times and higher 

control effort, while LQR was faster and more energy-efficient, but slightly less effective at 

suppressing oscillations. 

Future work 

While this study provides valuable insights into the performance of FLC and LQR for flexible 

manipulators, several avenues for future research remain: 

1. Hybrid Control Strategies: Future research could explore hybrid control methods that combine 

the advantages of both FLC and LQR. For example, a switched or adaptive control approach 

could leverage LQR for fast stabilization and FLC for vibration suppression, potentially 

balancing the trade-offs observed in this study. 

2. Real-Time Implementation and Robustness: Further investigations are needed to implement both 

control strategies in real-time systems, addressing practical challenges such as sensor noise, 

inaccuracies, and computational delays. Future studies could focus on enhancing the robustness 

of the controllers under various operating conditions and uncertainties, including external 

disturbances and variations in system parameters. 

3. Nonlinear Dynamics: Both controllers assume some level of linearity, but flexible manipulators 

are inherently nonlinear. Research into more advanced nonlinear control techniques, such as 

model predictive control (MPC) or deep learning-based approaches, could provide more accurate 

and adaptive control for flexible manipulators with highly nonlinear dynamics. 

4. Energy Efficiency and Optimization: Since FLC resulted in higher control effort, future work 

could focus on optimizing control parameters to reduce energy consumption while maintaining 
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performance. This could involve energy-efficient algorithms or adaptive tuning methods to 

dynamically adjust control effort based on real-time feedback. 

5. Experimental Validation in Real-World Scenarios: While this study relied on simulations, future 

research should validate the performance of these controllers in real-world environments, using 

physical manipulators. This would allow researchers to assess the effects of physical system 

imperfections and refine control strategies accordingly. 

By addressing these research directions, future work can further enhance the performance and 

applicability of flexible manipulators in real-world applications, leading to more efficient, robust, and 

adaptable robotic systems. 

This study compared the performance of Fuzzy Logic Control (FLC) and Linear Quadratic 

Regulator (LQR) for controlling a two-link flexible manipulator, with a focus on vibration 

suppression, settling time, steady-state error, and control effort. The results demonstrate that both 

controllers offer distinct advantages and trade-offs, depending on the application requirements. 

1. Vibration Suppression: FLC outperformed LQR in reducing peak vibration, particularly at higher 

input angles (60°), where it achieved a 59.3% reduction in vibration compared to LQR. 

2. Settling Time: LQR provided faster settling times, with a 20% shorter settling time at 30° and a 

14.3% shorter settling time at 60° than FLC. 

3. Steady-State Error: LQR exhibited lower steady-state error compared to FLC, especially at the 

60° input, making it more precise in final position tracking. 

4. Control Effort: FLC required 5.7% more control effort at 30° and 8.3% more at 60° than LQR, 

indicating that while FLC reduced vibrations effectively, it demanded more from the actuators. 

Overall, FLC was better for vibration suppression but came with longer settling times and higher 

control effort, while LQR was faster and more energy-efficient, but slightly less effective at 

suppressing oscillations. 
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